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The asymptotic behavior of weak solutions of the equation G(t) + Au(t) 3 f(t) 
(A maximal monotone in Hilbert space) is determined via a characterization 
of w-limit sets of the contraction semigroup generated by -A. 
1. INTRODUCTION 
Let S be a continuous (generally nonlinear) semigroup of contrac- 
tions on a closed subset C of a real Banach space X. In the terminology 
of classical topological dynamics, for x E C, y(x) = lJtER+ Z!(t) x is 
the orbit through x and W(X) = {y E C 1 y = limn+m S(t,) x with 
t, -+ 00 as n + co> is the (possibly empty) w-limit set of x. 
In case S is generated by a (generally multivalued) operator ---A, 
the structure of w-limit sets characterizes the asymptotic behavior 
of weak solutions of the evolution equation 
tqt) + Au(t) 3 0. (1.1) 
A study of the asymptotic behavior of solutions of (1.1) is available [l] 
in the case X is Hilbert and A is a subdifferential. These results 
apply essentially to equations of “parabolic” nature. Our intent here 
is to obtain characterizations of o-limit sets under assumptions that 
encompass also the “hyperbolic” case. We need the following. 
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DEFINITION. A subset Q of C is called: (i) positive invariant under 
S if S(t) Q C Sz for every t E R+; (ii) minimal under S if Q = Cl r(y) 
for any y E Sz; (iii) strongly invariant under S if for each t E Rf S(t) is a 
homeomorphism of Q onto LJ so that S can be extended as a con- 
tinuous group on Q; (iv) equi-almost periodic under S if it is strongly 
invariant and for each E > 0 the set of r E R with the property 
supyEs // S(T) y - y // < E is relatively dense.i 
In the language of the theory of evolution equations, if Q is strongly 
invariant, the initial-value problem for (1.1) can be solved (in a 
generalized sense) in the forward and the backward direction and the 
(weak) solution remains in D for all t E R. Characterization of strongly 
invariant sets is of interest especially in the “parabolic” case. 
The following proposition summarizes information on w-limit sets 
supplied by the theory of dynamical systems. 
THEOREM 1. If f or some x 6 C W(X) is nonempty, then it is minimal 
and strongly invariant under S. For each t E R, S(t) is an isometry 
on W(X). Moreover, ;f a E C is a Jixed point of S, o(x) lies on a sphere 
b/IIY-all = 1 f d r o ra ius r < /I x - a jl . Furthermore, if W(X) is 
compact, then it is equi-almost periodic under S. 
For special X, we have supplementary information on W(X). 
THEOREM 2. Let X be strictly convex and C convex. Then (i) 
Cl co W(X) is strongly invariant under S and S, restricted on Cl co w(x), 
is afine. Moreover, there is an afine group T on the closed linear variety 
spanned by W(X) which coincides with S on Cl co W(X) ; inparticular, ;f X is 
Hilbert, T is an ajinegroup of isometries. (ii) Cl co W(X) contains at most 
one$xedpoint ,of S; if a$xedpoint a exists, a = lim t+m (1 /t) Jo S(r) y dr 
for any y E Cl co w(x); if a = 0, T is linear. (iii) If Cl co W(X) is weakly 
compact, it contains a fixed point of S. 
In the applications, Theorems 1 and 2 are particularly useful if the 
orbit y(x) is precompact. Indeed, in this case it is clear that W(X) is 
nonempty compact and S(t) x + w(x) as t -+ a. This observation 
motivates the search for compactness criteria of orbits of contraction 
semigroups. The simplest possibility arises when the semigroup itself 
is compact and orbits are bounded. In a recent paper [2], Konishi 
gives the following characterization of compact semigroups in Hilbert 
space. 
1 Equivalently, for each E > 0 there is 1, > 0 such that every interval of R 
of length I, contains a point 7 with the property jl S(t i- ~)y - S(t)y // .< E for all 
t E R, y E 0. 
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THEOREM (Konishi). A contraction semigroup T on a closed convex 
subset of a Hilbert space H with infinitesimal generator -A 2 is compact 
;f and only if (i) (A + I)-1 is compact and (ii) for all bounded subsets F 
of C, the family IT(.) x: R+ --+ C 1 x E F} is equicontinuous. 
Condition (ii) above restricts the applicability of Konishi’s theorem 
essentially to “parabolic” problems. Fortunately, it turns out that 
condition (i) alone, though not sufficiently powerful to guarantee 
that the semigroup is compact, suffices for bounded orbits to be 
precompact. We state this result in Banach space. 
THEOREM 3. Let A be a (generally multivalued) accretive operator 
in a Banach space X such that R(XA + I) 3 Cl D(A), for suficiently 
small h, and let S be the contraction semigroup on C = Cl D(A) generated 
by -A.3 Assume that 0 E R(A) and (h/l + 1)-l is compact for some 
h > 0. Then y(x) is precompact for any x E C. 
Remark. As noted above, y(x) precompact yields W(X) compact. 
If X is strictly convex and C convex, Theorem 2 implies the existence 
of a fixed point a; if A is closed, a E D(A) and Aa 3 0. Thus the 
assumption 0 E R(A) is virtually necessary for the precompactness of 
y(x) and cannot be relaxed. On the other hand, the compactness of 
(XA + 1)-r is not necessary, as demonstrated by the example S = I. 
Nevertheless, this condition applies to a broad class of equations of 
“parabolic” and “hyperbolic” nature. In particular, Theorems 1 and 3 
collect under a common roof a large number of previous results by the 
authors (e.g., [6, 71). 
As a new application we use Theorem 1 to establish the following. 
THEOREM 4. Let A be a maximal monotone operator densely dejined 
on a convex closed subset C of a Hilbert space H. Assume 0 E R(A) and 
(hA + I)-1 is compact for some X > 0. Then, for any u,, E C and 
,f (t) E Ll(R+; H), the weak solution u(t) of the Cauchy problem 
c(t) f Au(t) 3f(t), u(0) = U” (1.2) 
approaches, as t + z,acompactsubsetQofasphere{y 1 (jy - a(1 = r}, 
r < II u. - a II + So Ilf (t)ll dt, a E A-lo. Furthermore, 52 is minimal, 
e It is known (e.g. [3]) that there exists a unique generator --A and that A is maximal 
monotone, D(A) is dense in C, R(XA + I) = H for any h > 0, and (hA + 1)-l is a 
continuous single-valued function on H. 
3 See [4]. 
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strongly invariant and equi-almost periodic under the semigroup T gener- 
ated by -A and T, restricted on Cl co Q, is an afine group of isometries. 
If u,, and f (t) are “smoother,” we have the following supplementary 
information on Q. 
THEOREM 5. Let A be as in Theorem 4, u,, E D(A), f(t) E 
WlJ(R+; H). Then the set Q of Theorem 4 is contained in D(A), and 
AaQ4 is compact and lies on a sphere centered at 0. Moreover, 
Cl co .Q C D(A) and the restriction of A0 on Cl co Q is afine. 
2. PROOFS 
Most of the assertions of Theorem 1 are known in the framework 
of the theory of dynamical systems (e.g., [8,9]). However, the proofs 
are scattered in the literature and occasionally the results have been 
established under alternative assumptions. For this reason we give 
brief complete proofs. 
Proof of Theorem 1. Fix y E w(x), say y = limn+m S(t,) x, t, + co 
as n + co. For any t E R+, S(t) y = Em,,, S(t, + t) x E w(x); i.e., 
Cl y(y) C Cl w(x) = w(x). Suppose now x E w(x), say u” = 
lim n+m S(r,) x, T, --+ co as n -+ GO. Without loss of generality assume 
s, 2 TR - t, 3 n, n = 1, 2 ,.... Observing that 11 S(s,) y - x 11 < 
II WJ Y - S(s, + L> x II + II ShL) x - 75 II < II Y - Yt,> 2 II + 
11 S(7,) x - x II , we deduce x E o(y) so that W(X) C w(y) C Cl y(y). 
Thus w(x) = w(y) = Cl r(y) and the minimality of w(x) has been 
established. 
Since o(x) = w(y), there is {uJ C R+, a, --t co as n + co, such that 
y = lim n+m S(0,) y. We claim S(a,) z --f z, n 3 00, for any z E u(x). 
Indeed, if x = limn+co S(s,) y, then 
Ii S(o,> z - 2: I! < II %a,> z - 8~ + 4 y II 
+llq%+4Y -s(&a)Yll +ll%JY --XII 
~~ll~--s(~,)Yll+ll~(~,)Y-Yll-,~ 
as n -+ co. Thus, for t E R+, 
and this shows that S(t) is an isometry on W(X). 
* As usual, A0 denotes the minimal section of A. 
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In particular, S(t): ( ) w x --+ w(x) is one-to-one. To prove that S(t) 
is onto w(x), we fix z E o(x). For large k, m, n, 
II S(% - t) z - S(u,. - t) z 11 
< II S(% - t) z - S(a, + (Tk - t) z 1) 
+ II S(% + Ok - t) 2 - q%2 + ‘Jk - t) z II 
+ II +,, + ‘Tk - t) z - S(% - t) z I! 
~2ll~(~,)~--ll+11~(~,+~l,--)~--(~,+~,--)~ll. 
Now S(ok) z -+ z, k --+ 00; moreover, for fixed k, (S(a, + uk - t) z> 
is Cauchy (converging to S(uk - t) z as n -+ co). It follows that 
N% - t) z} is Cauchy and let y denote its limit. Obviously 
S(t) y = lim,,, S(u,) z = z. The strong invariance of W(X) has thus 
been established. 
Suppose now w(x) is compact. For any y E W(X) and by virtue of 
strong invariance and isometry, the set of translates of the function 
S(e) y: R -+ W(X) is precompact in C(R; X). Then Bochner’s theorem 
implies that S(m) y is almost periodic and consequently y(y) is equi- 
almost periodic under S. Since w(x) is minimal, it follows that w(x) 
is also equi-almost periodic under S. 
Finally, assume a is a fixed point of S. Then 11 S(t) x -- a (/ 
is decreasing and tends, as t -+ co, to a limit r < 1) x - a /) . If 
y E w(x), say y = lim,,, S(t,) x, t, --+ 03 as n -+ co, 1) y - u/j = 
limn+ao jj S(t,) x - u /I = Y. Th us o(x) C (z ) I/ z - a /I = Y}. The proof 
is complete. 
Proof of Theorem 2. (i) For any t E R+, S(t) is an isometry on 
W(X). Consequently (e.g., [IO, Prop. B]) the restriction of S(t) on 
Cl co o(x) is affine and in particular, if X is Hilbert, an affine isometry. 
Since W(X) is strongly invariant under S, so is Cl co w(x). Let L 
denote the linear variety spanned by W(X). For I/ EL, write 
# = py + (1 - CL) z, y, z E co W(X) and set T(t)+ = p!?(t) y + 
(1 - p) S(t) z EL, t E R. It is easily verified that T(t) $J depends 
solely on zj and not on its particular representation py + (1 - p) z. 
Moreover, T(t) is affine, is a contraction for t E Ii+, is an isometry if 
X is Hilbert, and T(0) = I, T(s + t) = T(s) T(t), s, t E R. We 
extend T onto Cl L by continuity. 
(ii) Suppose a E Cl co W(Z) is a fixed point of S. Fix y E w(x) 
and let z E co r(y), say z = x& A&s,) y, 0 < Ai < I, CL1 Ai = 1, 
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si E R+, i = I ,..., n. Since the restriction of S on Cl co W(X) is afine, 
Hence, since y(y) is bounded, 
limsup f tS(7)yd7 --a *mm !I J’ 0 II 
= lim+zup t 11 ’ J’,’ ~(7) z dT - a 11 
= limsup !’ ++a /I t jot [S(T) 2 - S(T) aI d7 11 G II 2 - a ii . 
But W(X) is minimal so that 
Cl co w(x) = Cl co y(y) and &$) il z - a II = 0. 
It follows that a = lim,,, (l/t) Ji S(T) y dr for any y E W(X) and 
hence also for any y E Cl co W(X). In particular, a is the only fixed 
point of S in Cl co w(x). 
(iii) Assume Cl co W(X) is weakly compact and let y E Cl co W(X). 
There is a sequence (tJ in R+ such that {I/&, Jk S(T) y dTj is weakly 
convergent with limit a E Cl co W(X). For any t E R+, since S(t) is 
affine (and hence weakly continuous) on Cl co w(x), 
S(t) a = w-;+lil+ j 
t+t, 
S(T) y dT 
n t 
i.e., a is a fixed point of S. The proof is complete. 
Proof of Theorem 3. For p > 0, let JU = (Q + 1)-l, A, = 
(1 /P)V - Jd F ram the identity J,Y = JA((V~)y + ((P - ~IP)J,Y) it 
follows that J,, compact for some X > 0 implies Ju compact for every 
P > 0. For anyy E C, II S(t)y II d II a II + II y - a II, a E A% t E R+, 
so that r(y) is bounded and Jay(y) is precompact for every p > 0. 
We define B(A) = {y E C / 1 Ay / dz sup 11 A,y ]I < co}. Crandall 
[5] shows that B(A) 
P>O 
contains D(A) (and hence is dense in C), is positive 
invariant under S, and I AS(t)y 1 < 1 Ay I for any y E a(A), t E R+. 
ASYMPTOTIC BEHAVIOR OF SEMIGROUPS 103 
Fix now x E C. There is {yr} C D(A), y1 + x as I -+ co. For any 
sequence {tn> C Rf and since J,r(y) is precompact, we can construct 
by Cantor’s diagonal process a subsequence, denoted again by {tn), 
such that LLI~S(L>Y J is Cauchy for all positive integers k, 1. Using 
the estimate 
Ii S(f& - S(Lb II G II S(hJX - ~V&JYZ Ii + /I (l/k) AI,~S(L)YZ II 
+ II hJ(4l)Yz - 11,k~(L)Yz II + II (wPh%n)Yz /I 
+ il W,)Y~ - SK& II 
G 2 II x - Yz II + (w9 I AYZ I 
+ II Jl,kfwYZ - Jllk%JYZ il 
one easily concludes that (S(t,)x) is Cauchy and y(x) is precompact. 
The proof is complete. 
Before proceeding to the proof of Theorem 4, we restate below an 
existence theorem [12, 131 for (1.2). 
THEOREM (Existence). For uO E C andf(t) EL~(R+; H), there exists 
a unique weak solution u(t) E C(R+; H) of (1.2). If, in addition, v(t) is 
the weak solution of (1.2) with (uO , f) replaced by (q, , g), we have the 
estimate 
II u(t) - +)I G II uo - vo II + St II f(7) -s(dll d7, teRf. (2-l) 
0 
Moreover, if u,, E D(A) and f (t) E WlJ(R+; H), then, for any t E R+, 
u(t) E D(A), D+u(t) exists and is continuous from the right, and u(t) 
is a strong solution of (1.2). 
The straightforward method of proving Theorem 4 is to show that 
(1.2) generates, in the terminology of [ll], a uniform asymptotically 
dynamical system and to apply the invariance principle for uniform 
processes [ll]. It is possible, however, to reduce the problem to 
Theorem 1 via a trick, as follows. 
Proof of Theorem 4. Set X = H x Ll(R+; H) with norm 
ll(uo ,f )llX = II u. II + Jy Ilf (T>ll dT and let G = C x Q(R+; H). For 
t E R+, define S(t): G + G which carries (u. , f) into (u(t), f J where 
u(t) is the weak solution of (1.2) and f 1(T) =f(t + T), 7 E R+. It is 
easy to verify that S is a continuous semigroup on G with fixed point 
(a, 0), a E A-lo. Moreover, (2.1) implies that S(t) is a contraction for 
any t E R+. 
The existence theorem above implies that S is generated by 
an operator -B with D(B) = D(A) x WlJ(R+; H), dense in G, 
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and B(u, , f) = (A u,, -f(O), - f ). Furthermore, D(B) is positive 
invariant under S. 
We prove that for any (u,, ,f) E D(B), y(ua ,f) is precompact in X.5 
It is clear that {ft / t E R+} is precompact in U(R+; H). On the 
other hand, using II s(t) (u. ,f) - (a, O>llx < ll(uo - a,f)L and 
11 BOS(t) (u. ,f)llx < 11 B”(uo ,f)llr , t E R+, and after some computa- 
tions we arrive at 
lIWO + 1) w> - 4 < h II Bob0 ,f>llx + Il(% - a,f)llx , A > 0. (2.2) 
Since (XA + 1)-l is compact, {u(t) 1 t E R+} is precompact in H and 
the precompactness of y(uo ,f) follows. 
We claim that y(uo ,f) is precompact in X for any (u. ,f) E G = 
Cl D(B). The proof is based on a simple completion argument (see 
[l I, Prop. 3.41) and will thus be omitted. 
We now apply Theorem 1. Note that!, -+ 0 inLl(R+; H) as t -+ co, 
so that o(u,, ,f) = D x (01, Q C C. In this case compactness of 
w(uo , f) in X reduces to compactness of Q in H and minimality, 
strong invariance, and equi-almost periodicity of w(uo ,f) under S 
reduces to minimality, strong invariance, and equi-almost periodicity 
of Sz under the semigroup T generated by --A. It is also clear that 
T(t) is an isometry on S, for each t E R, and that Q lies on a sphere 
centered at a of radius r < I~(u~ - a,f)llx . 
Finally, from [ 10, Prop. B] we deduce that T, restricted on Cl co Q, 
is an affine group of isometries. The proof is complete. 
Proof of Theorem 5. Let y E Q, say y = limn+m u(tJ with t, -+ co 
as n -+ co. From (2.2) we deduce that (11 A”u(tn)ll} is bounded so that 
we may assume without loss of generality that {AOu(t,)) is weakly 
convergent in H. Since A is maximal monotone, it follows (e.g., 
[3, Lemma 2.31) that y E D(A) and ru-limn+m Alou E Ay. Thus 
Q c D(A). 
We now prove that A00 lies on a sphere centered at 0. Supposey, XESZ 
and let 11 A”y /I < 11 Aox 11. Since Q is minimal under T, z E Cl y(y), say 
z = limn.+a, T(7,) y with (TJ C R+. Now {II A”T(~,)y II> is bounded by 
)I Aay (1 so that we may assume without loss of generality that {AOT(T,)~} 
is weakly convergent in H. As above, since A is maximal monotone, 
i7u-limn+m AOT(7,)y E AZ. Then II A”z jj < lim inf,,, . II AOT(T,)~ II < 
I] A”y II < 11 A”z I/ . Consequently, II A”y 11 = (1 A”z I] 
To show compactness, let {x%} C AOQ, say x, = A”yn , yn E Q. 
5 Unfortunately, (hB + I)-’ is not compact for any h > 0 and thus we cannot use 
Theorem 3 directly. 
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Since 9 is compact and {x~} bounded, there are subsequences (y,J, 
converging strongly to y E .Q, and (~~~1, converging weakly to X. As 
above, x E Ay and // A”y /I < I( x jj < lim infk+oo 11 xmk Ij = 11 A”y I( . It 
follows that x = A”y and (x%,} converges strongly to x E AOQ. 
Since Q C D(A) and the restriction of T on Cl co Q is affine, we 
have co Sz C D(A) and the restriction of A0 on co B is affine. In 
particular, A0 co Q is bounded so that, using again the maximal 
monotonicity of A, we deduce Cl co Q C D(A) and the restriction 
of A0 on Cl co Q is affine. The proof is complete. 
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